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Outline

• Lecture 1

– Introduction
– Classes of relativistic jets
– Observations relevant to jet physics (apparent motion,

polarization, Faraday rotation)
– Accretion disks and their magnetic field
– Unipolar inductors and energy extraction

• Lecture 2

– Magnetohydrodynamic modeling of jets
– Bulk acceleration
– Collimation
– The role of the outflow environment
– Jet kinematics

Black Holes at all scales 18 September 2013, Ioannina



Black Holes at all scales 18 September 2013, Ioannina



Black Holes at all scales 18 September 2013, Ioannina



HST-1 2GHz

−800−200 −400 −600

2
0
0

0

4
0
0

0

M87 Jet in April 2010 

(VLBA 2GHz)

Relative Right Ascension (mas)

R
e
l
a
t
i
v
e
 
D
e
c
l
i
n
a
t
i
o
n
 
(
m
a
s
)

−800 −820 −840

−
3
6
0

−860

−
3
8
0−10 −2

0
1

103 Rs

104 Rs (6 pc)

comp1

comp2

Core 43GHz

50 Rs

(Hada+)
collimation at ∼100 Schwarzschild radii

Black Holes at all scales 18 September 2013, Ioannina



Black Holes at all scales 18 September 2013, Ioannina



Black Holes at all scales 18 September 2013, Ioannina



Black Holes at all scales 18 September 2013, Ioannina



(credit: Klare+)
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The plasma components move with superluminal apparent
speeds

They travel on curved trajectories

The trajectories differ from one component to the other
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microquasars

scale-down of quasars

speed ∼ 0.9− 0.99c
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(scale =1000 AU, V∞ = afew100km/s)
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GRB prompt emission

Variability timescale δt

compact source R < c δt ∼ 1000 km
huge optical depth for γγ → e+e−

compactness problem: how the
photons escape?

relativistic motion
γ & 100


R < γ2c δt

blueshifted photon energy
beaming
optically thin
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Jet speed
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• Superluminal apparent motion: βapp is a lower limit of real γ

• If we know both βapp =
β sin θn

1− β cos θn
and δ ≡ 1

γ (1− β cos θn)
we find θn(tobs), β(tobs) and v = cβ, γ = 1/

√
1− v2/c2

Rough estimates of δ from:
– comparison of radio and high energy emission (SSC)

e.g., for the C7 component of 3C 345 Unwin+ argue that δ

changes from ≈ 12 to ≈ 4 (tobs = 1992 – 1993) =⇒
acceleration from γ ∼ 5 to γ ∼ 10 over ∼ 3− 20 pc from the
core (θn changes from ≈ 2 to ≈ 10o)
Similarly Piner+2003 inferred an acceleration from γ = 8 at
R < 5.8pc to γ = 13 at R ≈ 17.4pc in 3C 279

– variability timescale (compared to the light crossing time),
Jorstad, Marscher+
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On the bulk acceleration

• More distant components have higher apparent speeds

• Brightness temperature increases with distance

(Lee and Lobanov)
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• recent measurements of apparent velocity in M87, along and
across the jet (Mertens and Lobanov)

• A more general argument on the acceleration (Sikora+):

? lack of bulk-Compton features → small (γ < 5) bulk Lorentz
factor at . 103rg

? the γ saturates at values ∼ a few 10 around the blazar zone
(103 − 104rg)

So, relativistic AGN jets undergo the bulk of their acceleration
on parsec scales (� size of the central black hole)

• Sikora+ also argue that the protons are the dynamically
important component in the outflow.
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Polarization

(Marscher+2008 Nature)

helical motion and field rotate the EVPA as the blob moves

observed Erad⊥Brad and Brad is ‖ B⊥los
(modified if the jet is relativistic)
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(from Marscher+)
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Faraday rotation

Faraday rotation – the plane of LP rotates when polarized EM
wave passes through a magnetized plasma, due to different
propagation velocities of the RCP and LCP components of the
EM wave in the plasma.

If internal, there is also depolarization (fractional polarization
depends on λ).

If external, the amount of rotation is proportional to the square of
the observing wavelength, and the sign of the rotation is
determined by the direction of the line of sight B field:

χ = χ0 + (RM)λ2

(RM) ∝
∫

neB‖losd`
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Faraday RM gradients across the jet

(from Asada+)

helical field surrounding the emitting region
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Theory: Hydro-Dynamics

Hard to explain bulk acceleration.

• In case ne ∼ np, γmax ∼ kTi/mpc
2 ∼ 1 even with Ti ∼ 1012K

• If ne 6= np, γmax ∼ (ne/np)× (kTi/mpc
2) could be � 1

• With some heating source, γmax � 1 is in principle possible

However, even in the last two cases, HD is unlikely to work
because the HD acceleration saturates at distances comparable
to the sonic surface where gravity is still important, i.e., very
close to the disk surface (certainly at � 103rg)
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We need magnetic fields

? They extract energy (Poynting flux)

? extract angular momentum

? transfer energy and angular momentum to matter

? explain relatively large-scale acceleration

? collimate outflows and produce jets

? needed for synchrotron emission

? explain polarization and RM maps
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B field from advection, or dynamo, or cosmic battery
(Poynting-Robertson drag).
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Origin of magnetic fields ?

∂B

∂t
= −c∇×E and

mene
dve
dt

= −∇Pe − ene

(
E +

ve
c
×B

)
+ (. . .)(v − ve) , with

ve = v − J

en
, give (neglecting the electron’s inertia)

∂B

∂t
≈ −c∇×

(
−v

c
×B +

J

en
×B− 1

en
∇Pe+

J

σ

)
• Biermann battery (for non-barotropic plasmas)

• αω dynamo

• Contopoulos and Kazanas battery

Advection by accretion ? MRI?
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A unipolar inductor

current ↔ Bφ

Poynting flux c
4πEBφ

is extracted (angular
momentum as well)

The Faraday disk could be the rotating accretion disk, or the
frame dragging if energy is extracted from the ergosphere of a
rotating black hole (Blandford & Znajek mechanism)
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How to model magnetized outflows?

? as pure electromagnetic energy (force-free, magnetodynamics,
electromagnetic outflows):
– ignore matter inertia (reasonable near the origin)
– this by assumption does not allow to study the transfer of
energy form Poynting to kinetic
– wave speed = c → no shocks
– there may be some dissipation (e.g. reconnection) →
radiation

? as magneto-hydro-dynamic flow
– the force-free case is included as the low inertia limit
– MHD can also describe the back reaction from the matter to
the field (this is important even in the superfast part of the
regime where σ � 1)
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Magnetized outflows

en
vi

ro
nm

en
t

jet
(matter + EM field)

base
Γ σ(  ~1,   >>1)

• Extracted energy per time Ė
mainly in the form of Poynting flux
(magnetic fields tap the rotational energy
of the compact object or disk)

Ė =
c

4π

rΩ
c

Bp︸ ︷︷ ︸
E

Bφ × ( area ) ≈ c

2
B2r2

• Ejected mass per time Ṁ

• The µ ≡ Ė/Ṁc2 gives the maximum
possible bulk Lorentz factor of the flow

• Magnetohydrodynamics:
matter (velocity, density, pressure)
+ large scale electromagnetic field
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Source of energy

If BZ, rotation of black hole, Ė = 1042a2(B/104G)2M2
8 erg/s

If extraction from disk, Ė = b
GMṀa

2ri

Thin disk physics Ṁa = 2πr × 2H × ρ|Vr|, H =
cs
Ω

, cs =
√

P

ρ

slow Mach number Ms =
|Vr|
cs

, plasma beta β =
8πP

B2

So,
ĖBZ
Ėdisk

= 3× 10−3 a2

bβMs

(
ri
rg

)−3/2

E.g., for a = 1, ri = rg and JED with b ∼ 0.5, β ∼ Ms ∼ 1, ĖBZ is
only a few percent on Ėdisk (Ferreira)
Other disk models ?
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MHD (Magneto-Hydro-Dynamics)

• matter: velocity V , density ρ, pressure P

• large scale electromagnetic field: E ,B ,J , δ
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The flow can be relativistic wrt

• bulk velocity V ≈ c, γ � 1

• random motion in comoving frame kBT/m/c2 � 1, or,
P � ρ0c

2, where ρ0 = ρ/γ the density in comoving frame
Define specific enthalpy
ξc2 = mass×c2+internal energy+P×volume

mass = c2 + 1
Γ−1

P
ρ0

+ P
ρ0

, or,
ξ = 1 + Γ

Γ−1
P
ρ0c2

� 1

• gravity r ∼ GM/c2

Define lapse function h =
√

1− 2GM
c2r

In nonrelativistic flows, γ, ξ, h, all are ≈ 1
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• Ohm: E +
V

c
×B = 0

• Maxwell:
∇ ·B = 0 = ∇×E +

∂B

c∂t
, J =

c

4π
∇×B − 1

4π

∂E

∂t
, δ =

1
4π
∇ ·E

• mass conservation:
∂(γρ0)

∂t
+∇ · (γρ0V ) = 0

• momentum:
γρ0

(
∂

∂t
+ V · ∇

)
(ξγV ) = −∇P + δE +

J ×B

c
− γ2ρ0ξ

GM
r2

r̂

• energy:
(

∂

∂t
+ V · ∇

)(
1

Γ− 1
P

ρ0

)
+ P

(
∂

∂t
+ V · ∇

)
1
ρ0

=
q

ρ0

Black Holes at all scales 18 September 2013, Ioannina



On the energy equation

• no heating/cooling (adiabatic):(
∂

∂t
+ V · ∇

)(
1

Γ− 1
P

ρ0

)
+ P

(
∂

∂t
+ V · ∇

)
1
ρ0

= 0

⇔ (∂/∂t + V · ∇)
(
P/ρΓ

0

)
= 0 (entropy conservation)

• with q 6= 0 two approaches:

– polytropic: Give appropriate q such that the energy eq has a
similar to the adiabatic form (∂/∂t + V · ∇)

(
P/ρ

Γeff
0

)
= 0

(in steady-state q
ρ0

= Γ−Γeff
Γ−1 PV · ∇ 1

ρ0
)

like adiabatic with 2
Γeff−1 degrees of freedom

– non-polytropic: ignore the energy equation, use it only a
posteriori to find q (after solving for the dynamics)
In essence, the pressure is also eliminated in this method, by replacing the poloidal

momentum eq with∇×∇P = 0 (e.g., in nonrelativistic steady-state, with

∇×
ˆ
−ρ(V · ∇)V + J ×B/c− ρGM/r2

˜
= 0)
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Assumptions

• ideal MHD
zero resistivity: 0 = Eco = γ

(
E + V

c ×B
)
− (γ − 1)

(
E · V

V

)
V
V

⇔ E = −V
c ×B

• one fluid approximation
V + ≈ V −, or, J � ρ

m|e|V with J = n+q+V + + n−q−V −
quasi-neutrality δ = n+q+ + n−q−� ρ

m|e|
n+ ≈ n− ≈ ρ/mp for e−p plasma

• further assume steady-state ∂/∂t = 0

• axisymmetry ∂/∂φ = 0 in cylindrical (z ,$ , φ) or spherical
(r , θ , φ) coordinates
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Integrals of motion

From ∇ ·B = 0 ⇒ ∇ ·Bp = 0

Bp =
∇A× φ̂

$
, or, Bp = ∇×

(
A φ̂

$

)

A =
1
2π

∫∫
Bp · dS

From ∇×E = 0, E = −∇Φ
Because of axisymmetry Eφ = 0.
Combining with Ohm’s law
(E = −V ×B/c) we find V p ‖ Bp.

ϖ

z r

θ

ẑ

Bp

ŷ

x̂

B

Bϕ
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Because V p ‖ Bp we can write

V =
ΨA

4πγρ0
B+$Ωφ̂ ,

ΨA

4πγρ0
=

Vp
Bp

.

(
Vφ =

Bφ

Bp
Vp + $Ω

)
The Ω and ΨA are constants of
motion, Ω = Ω(A), ΨA = ΨA(A).

• Ω = angular velocity at the base

• ΨA = mass-to-magnetic flux ratio

The electric field E = −V × B/c =
−($Ω/c)φ̂ × Bp is a poloidal vector,
normal to Bp. Its magnitude is
E = $Ω

c Bp.

Bp

A

∆

Bφ

E

Vφ

Vp
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So far, we’ve used Maxwell’s eqs, Ohm’s law and the continuity.

The energy and momentum equations remain. The latter:

γρ0 (V · ∇) (ξγV ) = −∇P + δE +
J ×B

c
− γ2ρ0ξ

GM
r2

r̂

or,

γρ0 (V · ∇) (ξγV ) = −∇P +
(∇ ·E)E + (∇×B)×B

4π
− γ2ρ0ξ

GM
r2

r̂

Due to axisymmetry, the toroidal component can be integrated to give the total
angular momentum-to-mass flux ratio:

ξγ$Vφ −$Bφ

ΨA︸ ︷︷ ︸
−$BpBφ/4π

ρVp

= L(A)
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For polytropic flows:

• the energy eq gives P/ρ
Γeff
0 = Q(A)

(the effective entropy is a constant of motion).

• the momentum along V p gives (hξγ − 1)c2 − h$ΩBφ/ΨA = E(A)

– In relativistic MHD,

hξγ − h$ΩBφ/ΨAc2 = 1 + E/c2 ≡ µ(A) = maximum γ

– In nonrelativistic, expansion wrt (. . .)/c2 gives

V 2

2
+

Γeff

Γeff − 1
P

ρ
− GM

r
−$ΩBφ

ΨA︸ ︷︷ ︸
(c/4π)E|Bφ|

ρVp

= E(A)
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Info from integrals (nonrelativistic case)

Ω
ϖ

z

Ω

• – near the source,
Vφ = VpBφ/Bp + $Ω → Vφ ≈ $Ω
for disk-driven flows Ω ≈ ΩK

solid-body rotation (rotating wires up to
Alfvén surface – |Bφ|/Bp increases)
– at large distances
$Vφ −

$Bφ
ΨA

= L(A) → Vφ ∼ L/$

• A =const → Bp ∝ 1/$2

ρVp ∝ Bp → ρVp ∝ 1/$2

• near the source, for Poynting-dominated
flows E ≈ −$ΩBφi/ΨA → Bφi ≈ −ΨAE

$iΩ
.

• Alfvén surface: combination of integrals →

Bφ = −LΨA

$

1−$2Ω/L

1−M2
→ $A =

√
L/Ω

(M = Vp
√

4πρ/Bp = Alfvén Mach)
L = Ω$2

A, $A= lever arm for L-extraction
• maximum asymptotic velocity V∞ =√

2E ≈
√

2LΩ = $AΩ
√

2 = $A
$i

√
2Vφi

• L ≈ $∞Vφ∞, so V∞ ≈
√

2$∞Vφ∞Ω
(connection between V∞ , Vφ∞ , $∞ – $i)
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The partial integration of the system, the relations between the integrals, and
the definition of M = Vp/(Bp/

√
4πρ), yield

B =
∇A× φ̂

$
− LΨA

$

1−$2Ω/L

1−M2
φ̂ ,

V =
M2

ΨA

∇A× φ̂

$
+

L

$

$2Ω/L−M2

1−M2
φ̂ ,

ρ =
Ψ2
A

4πM2

Thus, we have only two unknowns, the A and M , given by the two poloidal
components of the momentum equation

M comes from momentum along the flow and A from the transfield————————————————————————————–

these two eqs are coupled!
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Poloidal components of the momentum eq

γρ0 (V · ∇) (ξγV ) = −∇P +
(∇ ·E)E + (∇×B)×B

4π
⇔

0 = fG + fT + fC + f I + fP + fE + fB

fG = −γρ0ξ (V · ∇γ) V
fT = −γ2ρ0 (V · ∇ξ) V : “temperature” force
fC = $̂γ2ρ0ξV

2
φ /$ : centrifugal force

f I = −γ2ρ0ξ (V · ∇) V − fC

 inertial
force

fP = −∇P : pressure force
fE = (∇ ·E) E/4π : electric force
fB = (∇×B)×B/4π : magnetic force
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Acceleration mechanisms

• thermal (due to ∇P ) → velocities up to Cs

• magnetocentrifugal (beads on wire)

– initial half-opening angle ϑ > 30o (only for cold flows)
– velocities up to . $iΩ
– in reality due to magnetic pressure: the constancy of the integral L gives

fC‖ = −ρVφ∂Vφ/∂` + (Vφ/Vp)(Bp/|Bφ|)fB‖

• relativistic thermal (thermal fireball) gives γ ∼ ξi, where ξ = enthalpy
mass× c2.

• magnetic due to fB‖ ∝ gradient of $Bφ → velocities up to complete matter
domination (not always the case)

All acceleration mechanisms can be seen in

V 2

2
+

Γeff

Γeff − 1
P

ρ
− GM

r
− Ω

ΨA
$Bφ = E , or, ξγ − Ω

ΨAc2
$Bφ = µ

So V, γ ↑ when P/ρ0 , ξ ↓ (thermal, relativistic thermal), or,
$|Bφ| ↓ (magnetocentrifugal, magnetic).
Black Holes at all scales 18 September 2013, Ioannina



On the magnetic acceleration

(∇×B)×B = (∇×Bp)×Bp| {z }
⊥Bp

+ (∇×Bp)×Bφ| {z }
0

+ (∇×Bφ)×Bp| {z }
‖φ̂

+ (∇×Bφ)×Bφ| {z }
−
B2
φ
$ $̂−∇

B2
φ
2 =−

Bφ
$ ∇($Bφ)

fB‖ = − Bφ

4π$

∂

∂`
($Bφ)

$Bφ is related to the poloidal current
Jp = c

4π∇ × Bφ = 1
2π$∇I × φ̂, with

I =
∫∫

Jp · dS = c
2$Bφ

Bp

A

∆
Bφ

E

Vφ

Vp
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Currents or magnetic fields?
Although in MHD B drive the currents and not the opposite (since J = ne(V + − V −) with
|V + − V −| � V ), currents are usefull in understanding acceleration/collimation���
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The efficiency of the magnetic acceleration

IIII ϖ0

pB

Bφ

ϖΑ

pJ

ϖ

z

slow

, Vp

E

fast

Alfven

The Jp ×Bφ force strongly depends on the angle
between field-lines and current-lines (for zero
angle no acceleration at all)

Are we free to choose these two lines? NO! All
MHD quantities are related to each other and
should be found by solving the full system of
equations.

At classical fast surface Vp ≈ B/
√

4πρ,

kinetic
Poynting

=
V 2
p /2

−$ΩBφ/ΨA
≈ 1

2

(
1− Vφ

$Ω

)
B2

B2
φ

∼ 1
2

(using ΨA = 4πρVp/Bp and Vφ = $Ω + VpBφ/Bp)

For relativistic flows γf ≈ µ1/3(� µ) and this ratio
is µ−2/3 � 1!

Black Holes at all scales 18 September 2013, Ioannina



Vp = (M2/ΨA)Bp (from M2 = 4πρV 2
p /B2

p and ΨA = 4πρVp/Bp)

At M � 1, $ � $A, −$ΩBφ

ΨA
≈ Ω2Bp$

2

ΨAVp

(from Bφ = −LΨA

$

1−$2Ω/L

1−M2
≈ −LΨA

$

$2Ω/L

M2
at large distances)

The kinetic
Poynting = 1/2 at fast gives

Vf =
(

Ω2Bp$
2

ΨA

)1/3

(The relativistic version is γf = µ1/3.)

Black Holes at all scales 18 September 2013, Ioannina



Acceleration continues after the fast (crucial especially for relativistic flows)

Defining the constant of motion

σm =
AΩ2

ΨAEV∞
=

AΩ2(1 + E/c2)
ΨAE3/2

√
2 + E/c2

we find (by combining the integral relations)

Poynting
total energy flux

= σm

(
1− Vφ

$Ω

)
V∞
Vp

Bp$
2

A
∝ Bp$

2

A

So, the transfield force-balance determines the acceleration through the
”bunching function” Bp$

2/A.

Another ways to see it: Poynting ∝ $Bφ and Bφ/Bp ≈ E/Bp ≈ $Ω/c, so
Poynting ∝ $2Bp
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II

dl

ϖ

z A A+dA

The magnetic field minimizes its energy under
the condition of keeping the magentic flux
constant.

So, $Bφ ↓ for decreasing

$2Bp =
$2

2π$dl⊥
(BpdS︸ ︷︷ ︸

dA

) ∝ $

dl⊥
.

Expansion with increasing dl⊥/$ leads to
acceleration
The expansion ends in a more-or-less uniform
distribution $2Bp ≈ A (in a quasi-monopolar
shape).
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Conclusions on the magnetic acceleration

II

dl

ϖ

z A A+dA

• In nonrelativistic flows efficiency ∼ 1/3
already at classical fast (increases further –
the final value depends on the fieldline shape).

• in relativistic flows: If we start with a uniform
distribution the magnetic energy is already
minimum → no acceleration. Example:
Michel’s (1969) solution which gives
γ∞ ≈ µ1/3 � µ.
Also Beskin+1998; Bogovalov 2001 who found
quasi-monopolar solutions.

For any other (more realistic) field distribution
we have efficient acceleration!
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The acceleration efficiency in relativistic flows
Applying Poynting

total energy flux
= σm

(
1− Vφ

$Ω

)
V∞
Vp

Bp$
2

A

at fast, we get σm ≈ (A/Bp$
2)fast

Applying the same relation at infinity – where Bp$
2 ≈ A – yields

(Poynting/total energy flux)∞ = σm, or,
E − γ∞c2

E
= σm →

γ∞ ≈
E
c2

(1− σm) ≈ E
c2

(
1− A

($2Bp)f

)
The more bunched the fieldlines near the fast surface the higher the
acceleration efficiency.

I = c$Bφ/2 ≈ −c$E/2 ≈ −c$($ΩBp/c)/2 = (AΩ/2)($2Bp/A).
So, γ∞ ≈ (E/c2) (1−AΩ/2If)

Since the flow is force-free up to the fast, Ii ≈ If and we connect the
acceleration efficiency with conditions at the base of the flow
γ∞ ≈ (E/c2) (1−AΩ/2Ii)
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On the collimation
hoop-stress:

+ electric force

degree of collimation ? Role of environment?
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IIII ϖ0

pB

Bφ

ϖΑ

pJ

ϖ

z

slow

, Vp

E

fast

Alfven

The Jp ×Bφ force contributes to the
collimation (hoop-stress paradigm).
In nonrelativistic flows works fine.
In relativistic flows the electric force plays
an opposite role (a manifestation of the
high inertia of the flow).

• collimation by an external wind

• self-collimation mainly works at small
distances where the velocities are
mildly relativistic

• surrounding medium plays a role
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some key steps on MHD modeling

• Michel 1969: assuming monopole flow (crucial) → inefficient
acceleration with γ∞ ≈ µ1/3 � µ

• Li, Chiueh & Begelman 1992; Contopoulos 1994: cold
self-similar model → γ∞ ≈ µ/2 (50% efficiency)

• Vlahakis & Königl 2003, 2004: generalization of the self-similar
model (including thermal and radiation effects) → γ∞ ≈ µ/2
(50% efficiency)

• Vlahakis 2004: complete asymptotic transfield force-balance
connect the flow-shape (collimation) with acceleration
explain why Michel’s model is inefficient

• Beskin & Nokhrina 2006: parabolic jet with γ∞ ≈ µ/2
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some key steps (cont’d)

• Komissarov, Barkov, Vlahakis & Königl 2007 and
Komissarov, Vlahakis, Königl & Barkov 2009:
possible for the first time to simulate high γ MHD flows and
follow the acceleration up to the end
+ analytical scalings
+ role of causality, role of external pressure

• Tchekhovskoy, McKinney & Narayan, 2009: simulations of
nearly monopolar flow (more detailed than in
Komissarov+2009)
Even for nearly monopolar flow the acceleration is efficient
near the rotation axis
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some key steps (cont’d)

• Lyubarsky 2009:
generalization of the analytical results of Vlahakis 2004 and
Komissarov+2009

• recent simulations by McKinney, Tchekhovskoy, Blandford, and
Tchekhovskoy, McKinney, Narayan

• Contopoulos, The Force-free Magnetosphere of a Rotating
Black Hole
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“Standard” model for magnetic acceleration

+ component of the momentum equation

δ S

δ

z

r

γρ0(V · ∇) (γξV ) = −∇p + J0E + J ×B

along the flow (wind equation): γ ≈ µ−F
where F ∝ $2Bp

since BpδS = const,
F ∝ $2/δS ∝ $/δ`⊥

acceleration requires the separation between streamlines to
increase faster than the cylindrical radius

the collimation-acceleration paradigm:
F ↓ through stronger collimation of the inner streamlines
relative to the outer ones (differential collimation)
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+ transfield component of the momentum equation

γ2$

R
≈

(
2I

ΩBp$2

)2

$∇⊥ln
∣∣∣∣Iγ
∣∣∣∣

1 +
4πξρ0u

2
p

B2
p

$2
lc

$2

− γ2$
2
lc

$2
∇⊥$, with ∇⊥ ∼ 1

$,

$lc = c
Ω,

simplifies to
γ2$

R︸︷︷︸
inertia

≈ 1︸︷︷︸
EM

− γ2$
2
lc

$2︸ ︷︷ ︸
centrifugal

• if centrifugal negligible then γ ≈ z/$ (since
R−1 ≈ −d

2$
dz2

≈ $
z2

) power-law acceleration regime
(for parabolic shapes z ∝ $a, γ is a power of $)

• if inetria negligible then γ ≈ $/$lc linear acceleration regime

• if electromagnetic negligible then ballistic regime
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+ role of external pressure
pext = B2

co/8π ' (Bφ̂)2/8πγ2 ∝ 1/$2γ2

Assuming pext ∝ z−αp we find γ2 ∝ zαp/$2.
Combining with the transfield γ2$

R ≈ 1− γ2$
2
lc

$2 we find the
funnel shape (we find the exponent a in z ∝ $a).

• if the pressure drops slower than z−2 then
? shape more collimated than z ∝ $2

? linear acceleration γ ∝ $

• if the pressure drops as z−2 then
? parabolic shape z ∝ $a with 1 < a ≤ 2
? first γ ∝ $ and then power-law acceleration

γ ∼ z/$ ∝ $a−1

• if pressure drops faster than z−2 then
? conical shape
? linear acceleration γ ∝ $ (small efficiency)
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Asymptotic flow-shape
From Poynting

total energy flux
= σm

(
1− Vφ

$Ω

)
V∞
Vp

Bp$
2

A

we find σm

(
1− Vφ

$Ω

)
Bp$

2

A
=

Vp
V∞

Poynting
total energy flux

< 1 .

For Vφ � $Ω, this gives Bp$
2/A < 1/σm (same as in Heyvaerts & Norman

asymptotic analysis).

Assume two lines that cross a given cylinder $ =const, one reference line Ai

and another A that crosses the cylinder at higher z (so A < Ai).

The $̂ component of Bp = ∇A× φ̂/$ is B$ = −(1/$)∂A/∂z, or,
∂z/∂A = −1/($B$) and can be integrated along the cylinder to give
z(A,$) = z(Ai, $) +

∫ Ai
A

dA/($B$).

But, B$ < Bp < A/($2σm), and thus,

z(A,$) > z(Ai, $) + $

∫ Ai

A

σm
A

dA

lines cannot bend towards equator, they are situtated above some minimal
cone
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From Poynting
total energy flux

= σm

(
1− Vφ

$Ω

)
V∞
Vp

Bp$
2

A

with Poynting = −$ΩBφ/ΨA = −2IΩ/(cΨA) and Bp/Vp = 4πρ/ΨA we find

I

γ
= −2πc

Ω
ΨA

ρ0$
2

• if ρ0$
2 $→∞−→ f(A) (conical lines z/$

$→∞−→ const) then
I∞(A)/γ∞(A) =const
this constant is independent of A, from

γ2$

R
≈


(

2I

ΩBp$2

)2

$∇ln
∣∣∣∣Iγ
∣∣∣∣

1 +
4πργ2V 2

p

B2
p

$2
lc

$2

− γ2$
2
lc

$2
$̂

· ∇A

|∇A|
with R/$

$→∞−→ ∞

• if ρ0$
2 $→∞−→ 0 (parabolic lines z/$

$→∞−→ ∞) then I∞/γ∞ = 0
(100% acceleration efficiency)
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I∞(A)/γ∞(A) =const: solvability condition at infinity
(Heyvaerts & Norman 1989; Chiueh, Li, & Begelman 19991; see also
Vlahakis 2004 for generalized analysis)

• nonrelativistic case: I∞(A) =const

– no current Jp flows between lines
– If the flow carries some finite Poynitng flux at infinity, the corresponding

Jp flows inside a cylindrical core (this is the only way to have I smoothly
varying from zero on the axis to I∞ at the edge of the core).

– Note that for cylindrical lines the previous analysis (based on $ →∞)
doesn’t hold.

• relativistic case:
again the cylindrical core is the only way to have I∞(A = 0) = 0 and
I∞(A)/γ∞(A) =const 6= 0 at larger A
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Self-similarity

• simple 1-D models (e.g., Weber & Davis, or sperically summetric,
monopole-like) cannot describe jets

• giving the flow-shape and solve for velocity is incomplete (solving the
transfield is crucial for the acceleration)

• self-similarity: 1-D from mathematical point of view (ODEs), 2-D from
physical
we need an algorithm to produce all lines from a reference one
Example: A = rxf(θ):
If a line A starts from r0 at θ = π/2, then A = rx0f(π/2) and so,
r = r0 [f(π/2)/f(θ)]1/x.
If we know one line – we know f(θ) – from the eq above we find all other
lines.
choose a coordinate system on the poloidal plane
give the dependence on the one coordinate
solve for the dependence on the other
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r self-similarity
This model corresponds to boundary conditions at a cone θ = θi:
Vr = D1r

−1/2, Vθ = D2r
−1/2, Vφ = D3r

−1/2, ρ = D4r
2x−3, P = D5r

2x−4,
Bφ = D6r

x−2, Br = D7r
x−2.

z=zc

A2

A1
ϖ1

ϖ2z

equator

0

po
la

r 
ax

is

ϖ

θ ψ

disk

self-similar ansatz r = F1(A) F2(θ)

For points on the same cone θ = const,
$1

$2

=
r1

r2

=
F1(A1)

F1(A2)
.

ODEs

8>>>><>>>>:
ψ = ψ(G ,M , θ) , (Bernoulli)
dG

dθ
= N0(G ,M ,ψ , θ) , (definition of ψ)

dM

dθ
=
N (G ,M ,ψ , θ)

D(G ,M ,ψ , θ)
, (transfield)

9>>>>=>>>>;
D = 0 : singular points
(Alfvén, modified slow - fast)

conical Alfvén surface

caveats: singular at A = 0, absence of scale (need to give Ain, Aout)
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Vlahakis+2000
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AGN jets (Vlahakis & Königl 2004)
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GRB Jets (NV & Königl 2001, 2003a,b)
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• $1 < $ < $6: Thermal acceleration - force free magnetic field
(γ ∝ $ , ρ0 ∝ $−3 , T ∝ $−1 , $Bφ = const, parabolic shape of fieldlines: z ∝ $2)

• $6 < $ < $8: Magnetic acceleration (γ ∝ $ , ρ0 ∝ $−3)
• $ = $8: cylindrical regime - equipartition γ∞ ≈ (−EBφ/4πγρ0Vp)∞
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• Thermal acceleration (γ ∝ $0.44 , ρ0 ∝ $−2.4 , T ∝ $−0.8 , Bφ ∝ $−1 , z ∝ $1.5)

• Magnetic acceleration (γ ∝ $0.44 , ρ0 ∝ $−2.4)
• cylindrical regime - equipartition γ∞ ≈ (−EBφ/4πγρ0Vp)∞
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? At $ = 108cm – where γ = 10 – the opening half-angle is already ϑ = 10o

? For $ > 108cm, collimation continues slowly (R ∼ γ2$)
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Fendt & Ouyed (2004)

They used prescribed fieldlines (with $2Bp/A ∝ $−q) and found efficient acceleration with
γ∞ (their up,∞) ∼ µ (their σ).

Although the analysis is not complete (the transfield is not solved), the results show the
relation between line-shape and efficiency.
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Beskin & Nokhrina (2006)
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By expanding the equations wrt 2/µ (their 1/σ) they found a parabolic solution. The
acceleration in the superfast regime is efficient, reaching γ∞ ∼ µ.
The scaling γ ∝ $ is the same as in Vlahakis & Königl (2003a).
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Simulations of relativistic jets
Komissarov, Barkov, Vlahakis, & Königl (2007)

Left panel shows density (colour) and magnetic field lines.
Right panel shows the Lorentz factor (colour) and the current
lines.
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Note the difference in γ(r) for constant z.

It depends on the current I, which is related to Ω:
I ≈ r2BpΩ/2
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γσ (solid line), µ (dashed line) and γ (dash-dotted line) along a
magnetic field line as a function of cylindrical radius for models
C1 (left panel), C2 (middle panel) and A2 (right panel).
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a
a

external pressure Pext = (B2 − E2)/8π

solid line: pext ∝ R−3.5 for z ∝ r, dashed line: pext ∝ R−2 for
z ∝ r3/2, dash-dotted line: pext ∝ R−1.6 for z ∝ r2, dotted line:
pext ∝ R−1.1 for z ∝ r3
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Komissarov, Vlahakis, Königl, & Barkov 2009

left: density/field lines, right: Lorentz factor/current lines (wall
shape z ∝ r1.5)

Differential rotation → slow envelope
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Uniform rotation → γ increases with r
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Caveat: γϑ ∼ 1 (for high γ)

1/γ
θ

1/γ∼θ

ω<θ

During the afterglow γ decreases
When 1/γ > ϑ the F (t) decreases faster
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• with γϑ ∼ 1 very narrow jets (ϑ < 1◦ for γ > 100) −→ early
breaks or no breaks at all

• this is a result of causality (across jet): outer lines need to
know that there is space to expand

• Mach cone half-opening θm should be > ϑ

With sin θm =
γfcf
γVp

≈ σ1/2

γ
the requirement for causality yields

γϑ < σ1/2.
For efficient acceleration (σ ∼ 1 or smaller) we always get
γϑ ∼ 1
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Rarefaction acceleration
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Rarefaction acceleration
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Rarefaction acceleration
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Rarefaction simple waves

At t = 0 two uniform states are in contact:

x

left state right state

x=
0

This Riemann problem allows self-similar solutions that depend
only on ξ = x/t.

• when right=vacuum, simple rarefaction wave
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At t > 0:

B

x

ta
il

he
ad

magnetized plasma

O

z

V

Vfast
vacuum

for the cold case the Riemann invariants imply

vx =
1

γj

2σ
1/2
j

1 + σj

"
1−

„
ρ

ρj

«1/2
#
, γ =

γj (1 + σj)

1 + σjρ/ρj
, ρ =

4ρj

σj
sinh

2

»
1

3
arcsinh

„
σ

1/2
j −

µj

2

x

t

«–

Vhead = −
σ

1/2
j

γj
, Vtail =

1

γj

2σ
1/2
j

1 + σj
, ∆ϑ = Vtail < 1/γi
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The colour image in the Minkowski diagrams represents the distribution of the
Lorentz factor and the contours show the worldlines of fluid parcels initially
located at xi = −1,−0.8,−0.6,−0.4,−0.2,−0.02, 0.
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Simulation results

Komissarov, Vlahakis & Königl 2010
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Steady-state rarefaction wave

Sapountzis & Vlahakis (2013)

• “flow around a corner”

• planar geometry

• ignoring Bp (nonzero By)

• similarity variable x/z (angle θ)

• generalization of the nonrelativistic, hydrodynamic rarefaction
(e.g. Landau & Lifshitz)

• in addition, allow for inhomogeneity in the “left” state
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Axisymmetric model
Solve steady-state axisymmetric MHD eqs using the method of characteristics
(Sapountzis & Vlahakis in preparation)
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Jet kinematics

• due to precession? (e.g., Caproni & Abraham)

• instabilities? (e.g., Hardee, Meier)

bulk jet flow may play at least a partial role

to explore this possibility, we used the relativistic self-similar
model (Vlahakis & Königl 2004)

since the model gives the velocity (3D) field, we can follow the
motion of a part of the flow
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For given θobs (angle between jet axis and line of sight) and
ejection area on the disk (ro, φo), we project the trajectory on
the plane of sky and compare with observations. Find the
best-fit parameters ro, θobs, φo.
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For θobs = 1o and φo = 0o, 60o, 120o, 180o, 240o, 300o

(from top to bottom):
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best-fit to Unwin+ results for C7 component in 3C 345:
ro ≈ 2× 1016cm, φo=180o and θobs=9o
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Polarization maps
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Polarization maps
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Summary

? B + rotation = energy extraction
With Pext → jet

? The collimation-acceleration paradigm provides a viable
explanation of the dynamics of relativistic jets

? bulk acceleration up to Lorentz factors γ∞ & 0.5
E

Mc2

caveat: in ultrarelativistic GRB jets ϑ ∼ 1/γ

? Rarefaction acceleration

• further increases γ

• makes GRB jets with γϑ � 1
• interesting for AGN jets as well

the intrinsic rotation of jets could be related to the observed
kinematics and to the rotation of EVPA (Marscher+2008)
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