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ORBITAL MOTIONS AROUND SGR A∗ : THE SCENARIO

THE GALACTIC BLACK HOLE AND ITS NEIGHBORING

STARS

The Galactic Center (GC) hosts a supermassive black hole (SBH)
[Genzel et al. 1996, Schödel et al. 2002, Ghez et al. 2008] with a
mass of the order of M• = 4× 106M�
[Ghez et al. 2008, Gillessen et al. 2009a, Gillessen et al. 2009b]
and, thus, a Schwarzschild radius of rg = 0.084 au
In its immediate vicinity a number of rapidly orbiting main
sequence stars have been detected and tracked in the infrared
since 1992 [Eckart & Genzel, 1996, Ghez et al., 1998]
The star S2 has eccentricity e = 0.8831, semi-major axis
a = 1031.69 au and orbital period Pb = 15.9 yr
[Gillessen et al. 2009a]
Available data records cover a complete orbital revolution of S2
[Gillessen et al. 2009a, Gillessen et al. 2009b]
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ORBITAL MOTIONS AROUND SGR A∗ : THE SCENARIO

IMPORTANCE OF GENERAL RELATIVISTIC EFFECTS IN

DIFFERENT ASTRONOMICAL AND ASTROPHYSICAL

SCENARIOS

If we take the smallness of the ratio r of the test particle’s average
distance 〈r〉 = a(1 + e2/2) from the central body to its Schwarzschild
radius rg as an index of the importance of the Einstein’s General
Theory of Relativity (GTR) in several astronomical and astrophysical
systems, we have

rLAGEOS = 1.4× 109

rMercury = 2× 107

rWASP−19b = 8.74× 105

rPSR J0737−3039A/B = 1.15× 105

rS2 = 1.7× 104
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ORBITAL MOTIONS AROUND SGR A∗ : THE SCENARIO

THE AVAILABLE DATA

The directly observable quantities of the motions of the S stars around
the SBH in the GC are

astrometric measurements of their positions in the sky in terms of
right ascension α and declination δ
their radial velocities vρ. They cover a time span of ∆t = 7 yr

From a practical point of view, the radial velocity data are easier to
handle with respect to the astrometric observations. Indeed, the
inclusion of new data into pre-existent records needs no special care
because the radial velocities refer to the Local Standard of Rest (LSR).
Instead, for the astrometric data it turns out that only an approximate
realization of a common relative reference frame is possible. It implies
that the exact definition of the coordinates is a matter of each data
analysis in such a way that simply merging two different sets of
astrometric positions would yield incorrect results
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USING THE RADIAL VELOCITY

SECULAR DYNAMICAL EFFECTS ON OBSERVABLES

Let us assume that we have an explicit, analytical expression for a
given observable Y as a function of all or some Keplerian orbital
elements, i.e. Y = Y (f , {κ}), where f is the true anomaly, and κ
denotes the ensemble of the Keplerian orbital elements explicitly
entering Y apart from the mean anomalyM
Then, we straightforwardly compute its secular variation as〈

dY
dt

〉
=

(
1
Pb

)∫ 2π

0

[
∂Y
∂f

df
dM

dM
dt

+
∑
κ

∂Y
∂κ

dκ
dt

](
dt
df

)
df . (1)

In it, dM/dt and dκ/dt are the instantaneous variations of the
Keplerian orbital elements computed with the Gauss variation
equations and evaluated onto the unperturbed Keplerian ellipse,
while df/dM and dt/df are the usual Keplerian expressions for
such derivatives
We apply eq. (1) to the radial velocity vρ [Iorio 2011]
L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 6 / 25



USING THE RADIAL VELOCITY

SECULAR DYNAMICAL EFFECTS ON OBSERVABLES

Let us assume that we have an explicit, analytical expression for a
given observable Y as a function of all or some Keplerian orbital
elements, i.e. Y = Y (f , {κ}), where f is the true anomaly, and κ
denotes the ensemble of the Keplerian orbital elements explicitly
entering Y apart from the mean anomalyM
Then, we straightforwardly compute its secular variation as〈

dY
dt

〉
=

(
1
Pb

)∫ 2π

0

[
∂Y
∂f

df
dM

dM
dt

+
∑
κ

∂Y
∂κ

dκ
dt

](
dt
df

)
df . (1)

In it, dM/dt and dκ/dt are the instantaneous variations of the
Keplerian orbital elements computed with the Gauss variation
equations and evaluated onto the unperturbed Keplerian ellipse,
while df/dM and dt/df are the usual Keplerian expressions for
such derivatives
We apply eq. (1) to the radial velocity vρ [Iorio 2011]
L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 6 / 25



USING THE RADIAL VELOCITY

SECULAR DYNAMICAL EFFECTS ON OBSERVABLES

Let us assume that we have an explicit, analytical expression for a
given observable Y as a function of all or some Keplerian orbital
elements, i.e. Y = Y (f , {κ}), where f is the true anomaly, and κ
denotes the ensemble of the Keplerian orbital elements explicitly
entering Y apart from the mean anomalyM
Then, we straightforwardly compute its secular variation as〈

dY
dt

〉
=

(
1
Pb

)∫ 2π

0

[
∂Y
∂f

df
dM

dM
dt

+
∑
κ

∂Y
∂κ

dκ
dt

](
dt
df

)
df . (1)

In it, dM/dt and dκ/dt are the instantaneous variations of the
Keplerian orbital elements computed with the Gauss variation
equations and evaluated onto the unperturbed Keplerian ellipse,
while df/dM and dt/df are the usual Keplerian expressions for
such derivatives
We apply eq. (1) to the radial velocity vρ [Iorio 2011]
L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 6 / 25



USING THE RADIAL VELOCITY

The analytical expression of the radial velocity vρ is

vρ =
na sin i√
1− e2

[e cosω + cos (ω + f )] , (2)

where

n .
=
√

GM
a3 = 2π

Pb
is the Keplerian mean motion

a is the semi-major axis
e is the eccentricity
i is the inclination to the plane of the sky
ω is the argument of perinigricon1

In order to obtain 〈v̇ρ〉 due to a given dynamical perturbing force F , eq.
(2) has to be inserted into eq. (1) along with the analytical expressions
of the variations of the Keplerian orbital elements induced by F

1From niger (‘black’). ω may be dubbed also peribothron, from βόθρος (‘pit’),
referring to the BH’s gravitational well. Also peripekton may be used, from πηκτός

(‘frozen’): BHs were, indeed, also known as frozen stars
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

SCHWARZSCHILD-TYPE ‘GRAVITOELECTRIC’ EFFECTS

The secular variation 〈v̇ρ〉 of the star’s radial velocity caused by
the general relativistic Schwarzschild-type ‘gravitoelectric’ static
component of the BH’s gravitational field is [Iorio 2011]〈

v̇ (GE)
ρ

〉
=
(

n2Rg

) 15e(1 + e2) sin i sinω

8
(
1− e2

)5/2 , (3)

with
Rg

.
=

GM
c2

Note that eq. (3), which is an exact result in e, vanishes for
circular orbits, i.e. for e = 0

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 9 / 25



NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

SCHWARZSCHILD-TYPE ‘GRAVITOELECTRIC’ EFFECTS

The secular variation 〈v̇ρ〉 of the star’s radial velocity caused by
the general relativistic Schwarzschild-type ‘gravitoelectric’ static
component of the BH’s gravitational field is [Iorio 2011]〈

v̇ (GE)
ρ

〉
=
(

n2Rg

) 15e(1 + e2) sin i sinω

8
(
1− e2

)5/2 , (3)

with
Rg

.
=

GM
c2

Note that eq. (3), which is an exact result in e, vanishes for
circular orbits, i.e. for e = 0

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 9 / 25



NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

KERR-TYPE ‘GRAVITOMAGNETIC’ EFFECTS (I)

The secular variation 〈v̇ρ〉 of the star’s radial velocity caused by
the general relativistic Kerr-type ‘gravitomagnetic’ stationary
component of the BH’s gravitational field is [Iorio 2011]〈

v̇ (GM)
ρ

〉
=

(
nGL
c2a2

)
e

4(1− e2)2 [Vc cosω + Vs sinω] , (4)

with
Vc

.
= 11 cot i sin I sin Ψ sin Ω,

Vs
.

= csc i
4 {cos Ω sin 2I (sin Ψ− sin 3Ψ)−

− sin2 Ψ cos Ψ [cos 2I (3 + cos 2Ω) +

+ 2 sin2 Ω
]

+ 104 sin2 i cos Ψ
}
.

(5)
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

KERR-TYPE ‘GRAVITOMAGNETIC’ EFFECTS (II)

The parameters entering eq. (4) are

L = χM2G
c is the magnitude of the BH’s angular momentum

expressed in terms of the maximum value admissible for it to have
a horizon in the Kerr metric Lmax = M2G

c . In the case of Sgr A∗ it is
[Genzel et al.2003, Kato et al. 2010]

χ = 0.44− 0.52, L ' 7× 1054 kg m2 s−2 (6)

I is the angle between L and the line-of-sight’s unit vector ρ̂
Ψ is the angle between the star’s orbital angular momentum ` and
the BH’s angular momentum L
Ω is the longitude of the ascending node defined from
sin Ψ sin I cos Ω =

(
L̂ × ˆ̀

)
·
(

L̂ × ρ̂
)

Note that also eq. (4), which is an exact result in e, vanishes for
e = 0
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

QUADRUPOLE MOMENT EFFECTS (I)

According to the ‘no-hair’ or uniqueness theorems of GTR
[Chrusciel 1994, Heusler 1998], an electrically neutral BH is
completely characterized by its mass M and angular momentum L
only. As a consequence, all the multipole moments of its external
spacetime are functions of M and L
In particular, the quadrupole mass moment is

Q2 = −L2G
c2M

= −χ2 G3M3

c4 (7)

Since in the case of Sgr A∗ χ = 0.44, it is

|Q2| = 3.585× 1045 m5 s−2, (8)

for it, corresponding to an adimensional coefficient

|J2| = 4× 10−2 (9)
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY GENERAL RELATIVISTIC EFFECTS ON vρ

QUADRUPOLE MOMENT EFFECTS (II)

The secular variation 〈v̇ρ〉 of the star’s radial velocity caused by
the quadrupolar component of the BH’s gravitational field is given
by the following formula exact in e [Iorio 2011]〈

V̇ (Q2)
ρ

〉
= −

3eQ•
2

32a4
(
1− e2

)7/2 sin i
[Jc cosω + Js sinω] , (10)

with
Jc

.
= 10(1− e2) cos i sin I sin 2Ψ sin Ω,

Js
.

= 2
(
1− e2) cos i sin 2Ψ (cos I sin Ψ− sin I cos Ψ cos Ω) +

+ sin2 i
[
7 + 47 cos 2Ψ + sin2 Ψ cos 2ω−

− e2

16

(
259 + 429 cos 2Ψ− 44 sin2 Ψ cos 2ω

)]
.

(11)
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NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY CLASSICAL NON-KEPLERIAN EFFECTS ON vρ

THE DIFFUSE INNER DARK MATTER (I)

In addition to the dynamical effects directly related to the SBH
itself , also the impact of a diffuse cluster of non-luminous ordinary
matter around the BH due to massive remnants of various kinds
[Morris 1993] should be taken into account. We adopt a Plummer
density profile for it [Mouawad et al. 2005, Gillessen et al. 2009b]

%dm(r) =
3µM
4πd3

c

(
1 +

r2

d2
c

)−5/2

.

In it, the core radius is dc = 15 mpc, [Gillessen et al. 2009b]
The mass parameter µ is the ratio of the total extended mass Mr
at a given distance r to the central point mass. Fits involving S2
able to probe the mass enclosed between its aponigricon and
perinigricon yield µ ≤ 0.04− 0.05.
[Mouawad et al. 2005, Gillessen et al. 2009b]

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 15 / 25



NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY CLASSICAL NON-KEPLERIAN EFFECTS ON vρ

THE DIFFUSE INNER DARK MATTER (I)

In addition to the dynamical effects directly related to the SBH
itself , also the impact of a diffuse cluster of non-luminous ordinary
matter around the BH due to massive remnants of various kinds
[Morris 1993] should be taken into account. We adopt a Plummer
density profile for it [Mouawad et al. 2005, Gillessen et al. 2009b]

%dm(r) =
3µM
4πd3

c

(
1 +

r2

d2
c

)−5/2

.

In it, the core radius is dc = 15 mpc, [Gillessen et al. 2009b]
The mass parameter µ is the ratio of the total extended mass Mr
at a given distance r to the central point mass. Fits involving S2
able to probe the mass enclosed between its aponigricon and
perinigricon yield µ ≤ 0.04− 0.05.
[Mouawad et al. 2005, Gillessen et al. 2009b]

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 15 / 25



NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY CLASSICAL NON-KEPLERIAN EFFECTS ON vρ

THE DIFFUSE INNER DARK MATTER (I)

In addition to the dynamical effects directly related to the SBH
itself , also the impact of a diffuse cluster of non-luminous ordinary
matter around the BH due to massive remnants of various kinds
[Morris 1993] should be taken into account. We adopt a Plummer
density profile for it [Mouawad et al. 2005, Gillessen et al. 2009b]

%dm(r) =
3µM
4πd3

c

(
1 +

r2

d2
c

)−5/2

.

In it, the core radius is dc = 15 mpc, [Gillessen et al. 2009b]
The mass parameter µ is the ratio of the total extended mass Mr
at a given distance r to the central point mass. Fits involving S2
able to probe the mass enclosed between its aponigricon and
perinigricon yield µ ≤ 0.04− 0.05.
[Mouawad et al. 2005, Gillessen et al. 2009b]

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 15 / 25



NON-KEPLERIAN SECULAR EFFECTS ON THE RADIAL VELOCITY CLASSICAL NON-KEPLERIAN EFFECTS ON vρ

THE DIFFUSE INNER DARK MATTER (II)

The secular variation 〈v̇ρ〉 of the star’s radial velocity caused by
the diffuse inner distribution of dark matter is [Iorio 2011]〈

v̇ (dm)
ρ

〉
=

(
GMa
d3

c

)
e(1−e2)3/2µ sin i

8

[
32− 5e2(2 + 3e2)+

+ 6(1− e2)2(5e2 − 11) a2

d2
c

]
sinω.

(12)

In working out eq. (12), the approximation(
1 +

r2

d2
c

)−3/2

≈ 1− 3
2

r2

d2
c

(13)

was used. It is adequate for S2 since 0.002 ≤ r2

d2
c
≤ 0.4
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NUMERICAL EVALUATIONS

AMPLITUDES OF THE SECULAR CHANGES OF THE

RADIAL VELOCITY OF S2

By using the known orbital parameters of S2 [Gillessen et al. 2009b],
the known mass M• of the SBH in the GC [Gillessen et al. 2009b], the
values for its angular momentum and quadrupole mass moment of eq.
(6) and eq. (8), and those for the diffuse dark matter halo, it turns out
that the nominal amplitudes of the long-term variations of v̇ρ are of the
order of〈

v̇ (GE)
ρ

〉
= 8× 10−5 m s−2〈

v̇ (dm)
ρ

〉
= 4× 10−6 m s−2〈

v̇ (GM)
ρ

〉
∝ 1× 10−8 m s−2〈

v̇ (Q2)
ρ

〉
∝ 1× 10−10 m s−2
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NUMERICAL EVALUATIONS

ACCURACY IN MEASURING THE RADIAL VELOCITY

Measurements of the magnitude of the three-dimensional
acceleration of S2 after 2 years (1997-1999) are available; its
accuracy amounts to 4× 10−4 m s−2 [Ghez et al. 2000]
By assuming an uncertainty of about 15 km s−1 in measuring the
radial velocity of S2 [Gillessen et al. 2009a], an overall accuracy
of the order of 2.4× 10−5 m s−2 in 〈v̇ρ〉 may be assumed in future
over an observational time span ∆t = 20 yr
Actually, the currently available radial velocity measurements do
not yet cover one full orbit revolution for S2. Indeed, the first radial
velocity data points are from 2000, then 2002; they are more
densely sampled from 2003 onwards [Gillessen S., private
communication, August 2010].
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NUMERICAL EVALUATIONS

LIMITING FACTORS IN THE RADIAL VELOCITY

ACCURACY

The total accuracy reachable in 〈v̇ρ〉 is actually impacted by the
uncertainty in LSR itself. Indeed, as explained by
[Ghez et al. 2008], to obtain vρ with respect to the LSR, each
observed radial velocity has to be corrected for the Earth’s
rotation, its motion around the Sun, and the Sun’s peculiar motion
with respect to the LSR. Also the rotation speed Θ0 of LSR does
matter; recent evaluations by [Reid et al. 2007] yield an
uncertainty of the order of 16 km s−1 corresponding to a future
uncertainty of 2× 10−5 m s−2 over ∆t = 20 yr.
Also the motion of the SBH itself should be taken into account
[Ghez et al. 2008]. In particular, the uncertainty in its radial
velocity can be evaluated to be 2 km s−1 [Gould 2004] implying a
limit in the accuracy in 〈v̇ρ〉 of about 1× 10−6 m s−2 over ∆t = 20
yr.
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CONCLUSIONS

CONCLUDING REMARKS

The cumulative, long term time variations of the radial velocity of
S2 orbiting the SBH in the GC caused by several Newtonian and
Einsteinian dynamical effects are 8× 10−5 m s−2 (Schwarzschild),
4× 10−6 m s−2 (dark matter), 1× 10−8 m s−2 (Kerr), 1× 10−10 m
s−2 (quadrupole), respectively.
By assuming a present-day uncertainty of about 15 km s−1 in the
radial velocity measurements, its time changes may be detected
in the future at a ≈ 10−5 m s−2 level over an observational time
span of 20 yr; at present , radial velocity data cover just 7 yr. Even
if such evaluations will turn out to be not too optimistic, a detection
of the Kerr and the quadrupole-induced cumulative changes of the
radial velocity seems to be unfeasible.

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 20 / 25



CONCLUSIONS

CONCLUDING REMARKS

The cumulative, long term time variations of the radial velocity of
S2 orbiting the SBH in the GC caused by several Newtonian and
Einsteinian dynamical effects are 8× 10−5 m s−2 (Schwarzschild),
4× 10−6 m s−2 (dark matter), 1× 10−8 m s−2 (Kerr), 1× 10−10 m
s−2 (quadrupole), respectively.
By assuming a present-day uncertainty of about 15 km s−1 in the
radial velocity measurements, its time changes may be detected
in the future at a ≈ 10−5 m s−2 level over an observational time
span of 20 yr; at present , radial velocity data cover just 7 yr. Even
if such evaluations will turn out to be not too optimistic, a detection
of the Kerr and the quadrupole-induced cumulative changes of the
radial velocity seems to be unfeasible.

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 20 / 25



ACKNOWLEDGEMENTS

ACKNOWLEDGEMENTS

I gratefully acknowledge the financial support by the COST Action
MP0905-Black Holes in a Violent Universe

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 21 / 25



APPENDIX REFERENCES

REFERENCES I

Eckart A., Genzel R.,
Nature, 383, 415, 1996

Genzel R., Thatte N., Krabbe A., Kroker H., Tacconi-Garman L.E.,
ApJ, 472, 153, 1996

Genzel R., Schödel R., Ott T., Eckart A., Alexander T., Lacombe F.,
Rouan D., Aschenbach B.,
Nature, 425, 934, 2003

Ghez A.M., Klein B.L., Morris M., Becklin E.E.,
ApJ, 509, 678, 1998

Ghez A.M., Morris M., Becklin E.E., Tanner A., Kremenek T.,
Nature, 407, 349, 2000

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 22 / 25



APPENDIX REFERENCES

REFERENCES II

Ghez A.M., Salim S., Weinberg N.N., Lu J.R., Do T., Dunn J.K.,
Matthews K., Morris M.R., Yelda S., Becklin E.E., Kremenek T.,
Milosavljevic M., Naiman J.,
ApJ, 689, 1044, 2008

Gillessen S., Eisenhauer F., Fritz T.K., Bartko H., Dodds-Eden K.,
Pfuhl O., Ott T., Genzel R.,
ApJ, 707, L114, 2009a

Gillessen S., Eisenhauer F., Trippe S., Alexander T., Genzel R.,
Martins F., Ott T.,
ApJ, 692, 1075, 2009b

Gould A.,
ApJ, 607, 653, 2004

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 23 / 25



APPENDIX REFERENCES

REFERENCES III

Chrusciel P.T.,
Contemp. Math., 170, 23, 1994

Heusler M., 1998,
Living Rev. Rel. 1, 6, 1998

Iorio L,
MNRAS, 411, 453, 2011

Kato Y., Miyoshi M., Takahashi R., Negoro H., Matsumoto R.,
MNRAS, 403, L74, 2010

Morris M.R.,
ApJ, 408, 496, 1993

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 24 / 25



APPENDIX REFERENCES

REFERENCES IV

Mouawad N., Eckart A., Pfalzner S., Schödel R., Moultaka J.,
Spurzem R.,
AN, 326, 83, 2005

Reid M.J., Menten K.M., Trippe S., Ott T., Genzel R.,
ApJ, 659, 378, 2007

Schödel R., Ott T., Genzel R., Hofmann R., Lehnert M., Eckart A.,
Mouawad N., Alexander T., Reid M.J., Lenzen R., Hartung M.,
Lacombe F., Rouan D., Gendron E., Rousset G., Lagrange A.-M.,
Brandner W., Ageorges N., Lidman C., Moorwood A.F.M.,
Spyromilio J., Hubin N., Menten K.M.,
Nature, 419, 694, 2002

L. IORIO (M.I.U.R.) POST-NEWTONIAN GRAVITY IN SGR A∗ COST ACTION MP0905 25 / 25


	Orbital motions around Sgr A: the scenario
	Using the radial velocity
	Non-Keplerian secular effects on the radial velocity
	General relativistic effects on v
	Classical non-Keplerian effects on v

	Numerical evaluations
	Conclusions
	Acknowledgements
	Appendix
	Appendix
	



